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Activity Overview

In previous activities, students have explored the differential calculus through investigations of
the methods of first principles, the product and quotient rules. In this activity, the product rule
becomes the basis for an integration method for more difficult integrals.

Topic: Techniques of Integration
o Derive the formula for integration by parts and use it to compute integrals

Teacher Preparation and Notes
e This activity can serve to consolidate earlier work on the product rule and on methods of
integration. It offers a suitable introduction to the method of integration by parts.

e Begin by discussing approaches to more difficult integrals and review the methods used
for differentiation. It is advisable that students have some experience with substitution
methods for integration before attempting this activity.

e This activity is intended to be teacher led. You should seat your students in pairs so
they can work cooperatively on their handhelds. Use the following pages to present the
material to the class and encourage discussion. Students will follow along using their
handhelds. The majority of the ideas and concepts are only presented in this document,
so be sure to cover all the material necessary for students’ total comprehension.

e To download the student and solution TI-Nspire documents (.tns files) and student
worksheet, go to education.ti.com/exchange and enter “9851” in the quick search
box.

Associated Materials
o CalcWeek25_IntegrationByParts_worksheet_TINspire.doc

e CalcWeek25 IntegrationByParts.tns
o CalcWeek25_ IntegrationByParts_Soln.tns

Suggested Related Activities
To download any activity listed, go to education.ti.com/exchange and enter the number in
the quick search box.

e Exploring the Area Under a Curve (TI-Nspire Technology) — 8268
e Summing it Up (TI-Nspire Technology) — 10094
e Area Accumulation (TI-Nspire Technology) — 12241
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Problem 1 — Using the Product Rule

Begin with a discussion concerning integration methods and review standard integrals. Some
review of substitution methods of integration is recommended. Students should be aware that
not all functions can be integrated symbolically.

Step 1.

Step 2:

Step 3:

Students are to apply the product rule of
differentiation to the function
f(x) = sin(x) - In(x).

Review the product rule and the process of
integration (particularly drawing distinction
between the integral of a function and the
area under the curve of the graph of that
function) if needed.

On page 1.7, students are to take the
integral of the left and right side of the
product rule in general terms.

Note: Students should be aware that
integrals evaluated by CAS generally do not
include the constant term.

Integrating the product rule and rearranging
the parts provides an expression which
proves to be the basis for the method of
integration by parts. However, it is
recommended that this process is not simply
assumed as valid, but that students should
be given the opportunity to engage with it, to
discuss and to challenge.

1.4 [PRAD AUTO REAL

Ukt *du
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4. What is the integral of the left side?

ﬂi(um-vw))dpuu)-vww

5. What is the integral of the right side?

vl [ {ulelJaser [ Tubejax

From the product rule,

N J (uw.;_jwﬂvu).i_:

hore simply stated,
u-v = ffu)dv + f(\r)clu

Rearranging the parts, you have the
Integration By Parts formula,

I(u)dv =Uuv - I(\r)du

dx+,

K | I (< > |
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Step 4: A graphical approach can help students to WDW\D AUTO REAL =]
appreciate the significance of each of the
component parts of the integration by parts
statement: the areas under the curve with
respect to u and with respect to v are key
concepts here. Interestingly, it is the product,
u*v which is most difficult to draw from this
scenario. It represents a shorthand for the
difference product, u, - v — Uy - v1. This is

15

» g
shown on the diagram as the L-shaped area
between the curve and the axes, between the
given limits.
Problem 2 — Examples of Integration by Parts
Step 1. Drawing together these observations, S0 22 PRAD AUTO REAL =]
students should be assisted to see the Consider an integral expressed as a product. A
significance of this method, which involves For example,
correctly re-stating the function in question in S lemnbe)ax = [{u)av
order to take the derivative of one d
i Letu(x)=1n(x)—>—u=l_,du=d_x
component and the integral of the other. R
x
and dv=x-dx—)_f(1)d\r=f|:xjdx—>
'|r=l:rc2 (+C:|
2 ™
Step 2: Several worked examples are provided, O[22 23 PRAD AUTO REAL
beginning with the relatively straight-forward Integration by parts gives:
x*I.n(x).'The ghallenge soon emerges: how f(u)dv - f(v)du
to identify which part of the product becomes
u(x) and which part becomes dv. 1] (1n(x)-x)ax=1n(x)-(§-x2)—H(i-xz}-l)dx
X
2, 2
. . _f(ln(x:l-x:ldx = Ln(x) - +
Whether this choice actually makes any 2 4
difference to the result becomes the basis Check this answer on the next page.

for an extension exercise later.

2.4 [PRAD ALTO REAL

Step 3: The ability to evaluate certain more-difficult
integrals which do NOT appear to be
products provides the basis for the next key
worked example. In the case of the natural
logarithm, we do not at present know the
integral for this function, but we do know its
derivative, and can easily integrate 1! This
opens the doors as an approach for a wide
range of challenging integration questions.

L%y — _fv.du
j-u.dv = HN2HNCO2 w20 W
A5 | W[y dy ="

[ — ]3| | B
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Step 4.

Step 5:

As with the preceding CAS-based Calculus
activities, a prepared program, in this case,
intbyparts(fnl, fn2), is available for
students to verify their own work, check their
conjectures and results, and to serve as a
model for a complete worked solution to
such questions.

Note that the two input components are
derived simply from the given function—the
first is defined as u(x) and the second as
dv/dx. The final step in the program is left to
the students, who can check their answer by
typing the variable result.

The third worked example involves
trigonometric functions, which often lead to
cyclic results—an integral involving a sine
will generally lead to another integral
involving cosine. Applying the rule a second
time will often result in another sine result,
which may be then set as an equation
involving the original integral and solved
accordingly. Reduction rules may also be
developed in this way, leading to a method
for integrating trig functions of higher
powers.

Problem 3 — Practice using Integration by Parts

Practice questions are provided and then
two extension challenges: does the order of
choice make any difference (sometimes),
and is there an integration equivalent to the
quotient rule (no, too difficult to establish).

ERENES 25 oo Ao Rex. @

To confirm your answer, run the program
intbyparts{ln(x),1) and then type result.

=
Try to evaluate this then check
your answer by typing <result>.
Dane
result eIl S
12

Trigonometric functions can lead to ¢yclic
results.

Consider the function sin(ln(x)).

) = slinle]) = du - sl

x

dv=dx—»v=x(+€)

10. Compute the following integrals using
Integration By Parts. Then check your
answers using the spreadsheet and
intbyparts{):result program on pages 3.2
and 3.3.

1. _f(tan"(x):ld.x 2. f(xz-ex)dx
3. f(x-'aan"(x))dx 4. vr(x-cos(2x+l))dx
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Solutions
1. i(u V) = ud—v+vd—u
dx dx dx

2. i(sin(x) -In(x)) = sin(x) L +In(x) - cos(x)
dx X
3. No; While i(jf(x)dx):f(x) is true, ji(f(x))dx —f(x)+C
dx dx

4. J(;—X(u(x)*v(x))jdx =u(x)-v(x)+C

5. v(x)- Iu(x)dx +u(x)- jv(x)dx
6. The area between the curve u = f(v) and the v-axis (between the specified limits, i.e.
J.VZ u -dv ) can be found by taking the area of the large rectangle (u, -v,) minus the smaller
Vi
rectangle (u, -v,), and then subtracting the area of the region between the curve and
u-axis, between the specified limits ( V. du ).
up
7. I(In(x)-ldx) using integration by parts
u) =In(x)  du = —dx
X
dv =1dx V =X

_[In(x)-ldx =1In(x) - X —_[x -idx =X -In(x) — x
X

8. J.cos(ln(x))dx = x-cos(In(x)) + Isin(ln(x))dx

9. _[sin(ln(x)) -1dx = xsin(In(x)) - Z[X cos(In(x)) + J‘sin(ln(x))dx}

= %[sin(ln(x)) — cos(In(x)) |
10. a) Itan‘l(x)-ldx using integration by parts
1

u(x) =tan(x)  du=——adx
X +1
dv =1dx V(X) = X
1
tan™'(x)-1dx = tan*(x)- x — | x - dx
[tan™0x) ()X =[x ——

= xtan'(x) - %In(x2 +1)+C

©2010 Texas Instruments Incorporated Page 4 Integration by Parts



TI-725pire cAs %3 TImath.com Calculus

b) J.x2 -e*dx using integration by parts
u(x) = x?2 du = 2x
dv =e*dx v(x)=¢e”
sz -e¥dx = x? - e* —Iex -2x dx
Repeat integration by parts for _[ex - 2Xx dx
u(x) = 2x du = 2dx
dv = e*dx v(x)=e”
.[ex -2xdx =2x-e” —ZIede =2x-e"* —2e”*
Hence, J.x2 ce¥dx =x%.-e* —2x-e* +2e* =e*(x? -2x +2)

C) Ixtan‘l(x)dx using integration by parts

u(x) = tan*(x) du = 21 dx
X“+1
X2
dv = x dx v(x)=7
x?2 x?2 1
xtan(x) = tan}(x) - — — [ =—- dx
-[ (x) (x) 2 -[2 x?+1
_ x?tan™(x) _i,[ x?+1 1
2 29 x?2+1 x?+1
x“tan(x) 1 5
:—2 —E(x—tan (x))

= %((x2 +tan(x) - x)

d) _[x cos(2x + 1)dx using integration by parts

u(x) =x du =1dx
dv = cos(2x + 1) dx v(X) = w
Ixcos(Zx i) =x. sin(2x +1) _,[ sin(2x +1) 1dx
2 2
_ xsin(2x +1) N cos(2x +1)
- 2 4

= %(Zx sin(2x +1) + cos(2x +1))
11. Often it does not matter, if both functions are readily differentiable and integrable, but in
cases where one may not be reduced by the process, it can make a difference.

12. No, since the quotient rule formula does not allow us to easily rearrange the parts—the
denominator v* causes problems.
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